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ABSTRACT

Master Thesis

MONOTONICITY RESULTS FOR DISCRETE CAPUTO-FABRIZIO
FRACTIONAL OPERATORS

Waad Shaban MAHW

Karabiik University
Institute of Graduate Programs
The Department of Mathematics

Thesis Advisor:
Prof. Dr. Serif AMIROV
March 2023, 22 Pages

Nearly every theory in mathematics has a discrete equivalent that simplifies it
theoretically and practically so that it may be used in modeling real-world issues.
With discrete calculus, for instance, it is possible to find the "difference” of any
function from the first order up to the n-th order. On the other hand, it is also feasible
to expand this theory using discrete fractional calculus and make n any real number
such that the 1/2-order difference is properly defined. This thesis is divided into five
chapters, each of which develops the most straightforward discrete fractional
variational theory while illustrating some fundamental concepts and features of
discrete fractional calculus. It is also investigated how the idea may be applied to the

development of tumors.

The first chapter provides a succinct introduction to discrete fractional calculus and

several key mathematical concepts that are utilized often in the subject. We



demonstrate in Chapter 2 that if the Caputo-Fabrizio nabla fractional difference
operator (FRvey)(t) of order 0 < @ < 1 and commencing at a — 1 is positive for

t=a,a+1,.. theny(t) is a-increasing.

On the other hand, if y(t) is rising and y(a) = 0, then (§8v*y)(t) > 0.

Additionally, a result of monotonicity for the Caputo-type fractional difference
operator is established. We show a fractional difference version of the mean-value
theorem as an application and contrast it to the traditional discrete fractional

instance.

Keywords : Discrete fractional calculus, discrete exponential kernel, Caputo
fractional difference, Riemann fractional difference, discrete
fractional mean value theorem.

Science Code : 20406



OZET

Yiiksek Lisans Tezi

AYRIK CAPUTO-FABRIZIO KESIiRLi OPERATORLER iCiN
MONOTONLUK SONUCLARI

Waad Shaban MAHW

Karabiik Universitesi
Lisansiistii Egitim Enstitiisii

Matematik Anabilim Dah

Tez Damismani:
Prof. Dr. Serif AMIROV
Mart 2023, 22 Sayfa

Matematikteki neredeyse her teorem, teorik ve pratik olarak basitlestiren ayrik bir
esdegere sahiptir, bdylece gercek diinya sorunlarinin modellenmesinde kullanilabilir.
Ornegin, ayrik hesapla (Kalkulus), herhangi bir fonksiyonun birinci mertebeden

n'inci mertebeye kadar olan "farkin1" bulmak miimkiindiir.

Diger yandan, ayrik kesirli hesap kullanarak bu teoriyi genisletmek ve 1/2
mertebeden fark uygun sekilde tanimlanacak sekilde herhangi bir gergel say1 ya da

reel say1 yapmak da miimkiindiir.

Bu tez bes bolime ayrilmistir, her bolim ayrik kesirli hesabin bazi temel
kavramlarmi ve Ozelliklerini gdsterirken en basit ayrik kesirli varyasyon teorisini
gelistirir.  Ayrica, fikrin tiimorlerin  gelisimine nasil uygulanabilecegi de

arastirilmastir.
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Ik boélim ayrik kesirli hesabi ve bu konuda siklikla kullamlan birkag temel
matematiksel kavrami tanitmaktadir. Boliim 2'de, 0<a<l mertebesindeki ve a-1'de
baslayan Caputo-Fabrizio nabla kesirli fark operatdrii ( [ _(a-1)*CFR] V7 a y)(t), t

=a,a+ 1, ... i¢in pozitifse, 0 zaman y(t) o -artar.

Diger yandan, y(t) yiikseliyorsa ve y(a)>0 ise, ( [_(a-1)*CFR] V”a y)(t)>0.

Ayrica, Caputo tipi kesirli fark operatorii i¢cin monotonlugun bir sonucu elde
edilmistir. Bir uygulama olarak ortalama deger teoreminin kesirli bir fark versiyonu
gosterilmistir ve onu geleneksel ayrik kesirli 6rnekle karsilagtirilmisgtir.

Anahtar Sozciikler : Ayrik kesirli hesap, ayrik iistel ¢ekirdek, Caputo kesirli fark,

Riemann kesirli fark, ayrik kesirli ortalama deger teoremi.
Bilim Kodu : 20406
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PART 1

INTRODUCTION

In numerous fields of engineering and research over the past ten years, the fractional
calculus has been successfully applied [1],[2]. Discrete fractional calculus (DFC)
was successfully developed using the fundamental ideas of this type of nonlocal
calculus [3],[4]. This new direction, which was started more than 10 years ago, is in
a state of steady evolution, and it has just recently started to be recognized as a
potent instrument for uncovering hitherto unknown dynamics of intricate discrete
dynamical systems. The discrete diffusion equation included in the discrete Riesz
derivative was one of the most recent discoveries. The discrete diffusion equation
included inside the discrete Riesz derivative [5], [6]. Therefore, the discrete
fractional calculus may be a natural development of the conventional discrete ones.
And Fabrizio, Caputo[7] On the basis of a nonsingular kernel, a different fractional
derivative was presented. This operator's discrete variant was described in [8]. We
think that the appearance of various forms of memory kernels improves the
likelihood that various kinds of models will be appropriately developed when various
types of memory emerge. Recent research has looked into discrete functions' discrete
fractional operators to examine the monotonicity properties of such functions. While
others looked into fractional difference operators of order a > 1 [9],[10], some
writers addressed the monotonicity analysis of fractional difference operators of
orders 0 < @ < 1, such as delta- or nabla-types [11]. These novel findings motivate
us to compare the monotonicity results for this discrete fractional operator with
discrete exponential kernel to the discrete classical ones and discuss them in this
thesis. We think that the fractional differences considered in this thesis result in
novel kernels with new memories, which might be of diverse importance for
applications. These kernels differ from the standard nabla fractional differences with

kernels relying on the increasing factorial powers.



1.1. PRELIMINARIES

Discrete fractional calculus's fundamental concepts and results are provided in the
next chapter. The fractional sum and the fractional difference of a function f(x) toa
random order a, starting from a, will be denoted by V % f(x) and V_ % f(x)
respectively. Where « is a real number that is positive, and for a real number a, we
demoted N, = {a,a+ 1,a + 2,...}. Our recommendation for our readers is the

reference [28] for further information on discrete fractional calculus concepts.

The nabla discrete exponential kernel may be expressed using the time scale notation
as (1 — a)t=P) where p(s) = s — 1 [29].

1.1.1. Caputo Fractional Difference

The Caputo-Fabrizio in the Caputo sense nabla difference of f may be defined as

follows for 0 < @ < 1 and f defined on N:

t
B
O = 1 N @ HE A~ @)
s=a+1

t
=B(@ ) (VNHEU - (1)

s=a+1

where B(a) is a normalizing positive constant which depends on « and sustaining
B(0) = B(1) = 1[8].

1.1.2. Riemann Fractional Difference

For 0 < a < 1 and f defined on N, the Caputo-Fabrizio in the Riemann sense nabla

difference of f can be defined by:



CvE(E) = 2, Z F) (1~ a)t=r®

s=a+1

= B@V, ) f(A-a) (1.2)

s=a+1

wherever B(a) is a normalizing positive constant depending on o and satisfying
B(0) = B(1) = 1]8].

1.1.3. Fractional Sum

For 0 < a < 1 and f defined on N, the fractional sum of f can be defined by:

CFTNO = 5y O + 5 Z f()ds (13)

S a+1

B(a)

In [8], it was shown that (¢Fv;* CFvef)(t). Also, it was shown that
(Fvg V).

The following statement and lemma include several elements that are crucial to

moving forward.
1.1.4. Proposition

The association between Riemann and Caputo kind fractional difference given by
[12].

B(a)

(“FVEN©® = FRYENE®) — T f@)(L - )™=
1.1.5. Lemma

For @ € (0,1) and g defined on N, there are



(A-a)*+t
B(a)

(i) ("Va*A - ) () =
(i) Vs(1 — @)t~ = a(1 — a)*™*

(i) (“"Vz Vg () = (VY% g) () — %g(a)

(iv) V(1 — @)t = —a(1l — @)t

(v) ((FRVE(1 —a))(@®) = B(@)(1 — ) 1 —a(t — a)]

Proof

Strat with the proof of (i)

1-
V(1 ~ @O0 = s (1= + g Z (1-a)y’ds

s=a+1

Since o € (0,1) we can apply geometric series, and we get

Sl gy (e G
" B(a) B( ) 1-1-a)
t—a
=y (1= @ 4y (=0
1 [(1 _ a)t+1 + (1 _ a)a+1 ( _ a)t-l—l]
1)
B (1 _ a)a+1
B(a)

The proof of (ii)

V(1 - ) = (1 - @) = (1 - )t =CD
=(1- a)t—s —(1- a)t—s+1

— (1 _ a)t—s+1[(1_—a) _ 1]
st 1-14+a

= (- @) "o

=a(l—a)ts.

(1.5)



The proof of (iii)

(“FV Vg (t) = B( )Vg( )+m 2 Vg(s)ds.

s=a+1
But note that ¥:t_, ., Vg(s)ds = g(t) — g(a), so we can write

1_

= Bla )Vg(t) +

Ba )[g(t) —g(a)l.

And from VYt_ ., g(s)ds = g(t), we get

- ds]
= 5ty 79O * 5 57 Z 9(5)ds] ~ e~ ()

1—«a a
=V[mg<t>+%; 9(s)ds] ~ g )g<a)

= (VSRR (@) — )g(a)-

B(a
The prove of (iv)

Vli-a)t=0-a)-(1—-a)?
=(1-)'(1-a)—-1]
=(1-)'(1-a)—-1]

=—a(l—-a)t 1.

The prove of (v)

t

(CRYE(L - @) = B@Y, Y (1-a)P(-a)

= B(a)V,(1 — )" Z 1

s=a+1



= B(0)V[(1 — &)'(t — a)]

=B@)[(1-a)(t-a)-(1-a)" " (t-1-a)]

=B(@)(1-a)" ' [1-a)(t—a)— (t—1-a)]

=B(@)(1—-a)" t—a—tataa—t+a+1]

=B(a)(1—a)' 1 — ta + aa]

=B(a)(1—a)'" 1 - a(t — a)]. (1.6)



PART 2
THE MONOTONICITY RESULT
2.1. a-INCREASE

Let y be a function defined on N, so that satisfying y(a) = 0. Then y is named an

a-increasing function on N, if [13]

y(t+1)=ay(t) forallt €N,
2.1.1. Theorem
Let y be a function defined on N,_,, if
a € (0,1), and

(CFRVE_1») (D) = 0, t €Ng_q
Then y(t) is a-increasing.

Proof.

(CFRVg_l}I)(t) = B(a)th y(g)(]_ _ a)t—s
= B(a)[z }/(S)(l — a)t—s — Z _'V(S)(l _ a)t—s—l]

= B(a)[Z y()(1 — )t=5 + y(t) — Z y(s)(1 — a)t=s71]



= B(a)[y(t) + z y()(1 — )t — (1 — a)ts1)]
o
= B@® + Y y©A -0 (1 —a=1)]

= B@(©®) -7 ) y© 1 - )] @D

But given that (‘FRV2_,y)(t) = 0, we have
t—1
a
B(a) [J’(t) - Tz y(s)(1 - a)t_S] = 0.
as=a
And since (@) = 0, we get
t-1
y(O) = 7= YA~ @) 20
1—a -
S=a
It follows
t-1
a
- _ t—s
YO 27— Y& - ). 22
s=a

Putting t = a for (8) we get (a) > 0, putt = a + 1 for into (8) , we get

a
> — —a).
y@+1)2—y@1-a
It follows

y(a+1) = ay(a).



And hence y(a + 1) = ay(a) = 0, we will proceed by induction, we get y(a +
k) = 0, for all k € Ny which is the same with y(t) > 0 forall t € N,.

Now replacing t with t + 1 in (8) we get

y(t+1D) = > ¥ - )

Also, we have

t—-1
YD 2@+, ) YO -

And since a € (0,1) and y(t) = 0 for all € N, , we can write

t—1
y(E+1) = ay(© + 17— > YO - = ay(©

s=a

y(E+1) = ay(t)

which completes the proof.

2.1.2. Theorem

Let y be a function defined on N,_4, if
a € (0,1), and

(“Feviiiy(@® = —%y(a -DA-a)"%, tENg.

Then y(t) is a-increasing.



Proof. By assumption, we have
(“FVE_(©® + %y(a —D(1-a) >0
and from proposition 1.1.1. we get
(FRVG_1) (@) =0,  tE€Ng 4
and from theorem 2.1.1. we get
y(t) is a-increasing, hence the proof complete.

2.1.3. Theorem

Let y be a function defined on N,_; satisfying y(a) = 0 and increasing on N,.
Then, for a € (0,1)

(CFRVZ_.y)(t) = 0, t € Ny_g.

Proof. From (7), we have

t—1
("RYE(O = B@IY(®) — 17— ) y©) (1 - @)

and since B(a) = 0 so to show that (‘*Rv%_,y)(t) = 0 we need to prove that

y() - =T y()(1 - )™ = 0

YO -7 YO -
=y@t) —ay(t—1)— %Z y(s)(1 — a)t=s

10



=y —ay(t—1)

t—2
1A-a)s

=y(t) —ay(t—1)

t-2 t-2
> () =yt = D)X= )" + )yt = D(1 - a)f-S], (23)

Since y is increasing, it indicates that y(t) = y(t — 1) >

y(t—=2)=-=y(a) = 0,s0 we get

2 y(® - ay(t—1) - 7— > y(t = DA - )™
o t—1 o
=y® - Y- DA - )
a N t—s
=y =yt =D +y-1) -7 y(t- 1)2(1—@

t—1

> y(t—1) —%y(t - 1)2(1 — @)t

—y(t-1|1 1:{2(1—0{? S]

-1-a
= y(t — 1) 1— _a Z (1 a)t (s+a)
L s=0 _

(t—-a)-1
=y(t-1|1
s=0
[ (t—-a)-1
— (t—l) 1_L(1_ )t—a i ( 1 )S
- 1—«a * . 1—a/ |
S=

By using geometric series, we have

11



1

a t—a 1= (1 —_ a)t_a
= y(t— 1) [1——— (1 - @)% — )
1-(1-a)*t
=yt - D|1-— (1 - )" (1_a“) )
I -
=y(t-D1 -1 - (1 -a)* " = 1)
=y(t-D1-1-10-a)"]
=yt-DA-a) %20, (2.4)

which completes the proof.

2.1.4. Theorem

Let y be a function defined on N,_, satisfy y(a) = 0 and be strictly increasing on

N,. Then, for a € (0,1)

(“FRYS_1) (@) > 0, t €Ng_q

Proof. Similar to the previous theorem, this one can be proven.

2.2 a-DECREASE

Let y be a function defined on N,so that satisfying y(a) = 0. Then y is named an

a-decreasing function on N, if [13]

y(t+1) <ay(t) forallt €N,.

2.2.1. Theorem

Let y be a function defined on N,_4, if

a € (0,1), and

12



(CFRVZ_y)(t) <0, t€Ng 4.
Then y(t) is a-decreasing.

Proof. From (7) we have

t—1
(PRVE)(©) = B@) |y© 17— ) y($)(1 - )|

|

But given that (‘FRV%_,y)(t) < 0, so we have

t—1
B@) [y(®) ~ 17— y()(1 - a)f-S] <o.

Since (a) = 0, we get
t—1
y(t) — %Z y(s)(1 — @)t < 0.
It follows
a t—-1
y(O) S 7= YA - @) 25)

Putting t = a for (11) we get (a) <0, putt = a + 1 forinto (11) , we get

ya+1) < @1 -,

It follows

yla+1) <ay(a)

13



and hence y(a + 1) < ay(a) < 0,we will proceed by induction.We get y(a + k) <
0, for all k € Ny which is the same with y(t) < 0 forall t € N,.

Now replacing t with t + 1 in (11) we get

y(t+1D <> YA -

Also, we have

t—-1
YD S @@+, ) YO -

And since a € (0,1) and y(t) < 0 for all t € N, so we can write

t—1

y(t+1) < ay(© + 17— > YO - < ay(©

S=a
y(t+1) <ay(t).
Which completes the prove.

2.2.2. Theorem

Let y be a function defined on N,_; satisfy y(a) = 0 and be decreasing on N,.
Then, for a € (0,1)

(CFRVZ_,y)(t) <0, t € Ng_q.

Proof. From (7) we have

14



PRV ) = B@D® — 77— > ()1 - @)~

and since B(a) =0 so to show that (“FRV%_ y)(t) <0 we need to prove that

y(t) — ﬁZﬁ;}ly(s)(l —a)t=* < 0, now from (9) we have

y(O) =77 YA @)

=y®) —ay(t—1)

a
1—«a

t-2 =2
D (E =yt =D)AL =@+ Y ye =D - a)H].

Since y is increasing, it indicates that y(t) < y(t—1) <

y(t—2) < <y(a) <0,s0we get

t—2
<YO-ay(t-1 -7 y(t - D1 - ),

From (10) we have
=yt-1DA-a)"*<0.
which completes the proof.
2.3. APPLICATION
We know that (¢Fv,* CFRVZy)(t) = y(t). Nevertheless, the following result,

delivers an initial condition y(a), will be a instrument to prove our fractional

difference mean value theorem.

15



2.3.1. Theorem

For € (0,1) , we have

(“Fvg® CFRVE_y)(t) = y(t) — ay(a). (2.6)

Proof. From definition, we have

(Ve TRVE@ = V"

B(a)V, 2 y(s)(1 - a)”]

= BV, [y(a)(l —h Y (- a)t-S]

s=a+1

B@ V(@1 — )+ EB@V, ) y(s)(l—a)f-sl

=B(@) Vo Vy(@(1 - )%+ Ve FRVEY)(8)
= B(@)y(a)(1 — @) VZ27,(1 — a)t + y(¢).

From lemma (iv) we have
= —aB(a)y(@)(1 - &) V(1 ~ ) + y(©).
and from Lemma (i) also we get

(1-o)°

B(a)
=y(t) — ay(a).

= —aB(@)y(a) (1 —a)™

+y(6)

The proofs complete.

16



2.3.2. Theorem
Let f and g be functions defined on N, , = {a,a + 1, ...,b — 1, b} where a < b with

a = b (mod 1). Suppose that g is strictly increasing and a € (0,1). Then, 3 s;s, €
Ng 5 such that

PRV _ fB) —af@ _ PV (5)

VgD~ 9B —ag@ ~ TVE_g)(s) 27)
Proof. We employ contradiction, letting (13) be untrue either then
fb) —af(a) _ (“"fFvg_ ()
7(b) —ag(a) > PRV ) (D) ,forall t € Ngy, (2.8)
Or

— CFRya
f) —af(a) ( Va—lf)(t)’for all t €N, 29)

g(b) —ag(a) ~(CFRVG_ g)(t)

Given that g is strictly increasing, so by Theorem 2.1.4 we have (‘FRv%_, g)(t) > 0,

hence from (14) we get

fb) —af(a)

T0) —agt@ Ve © > TRV ().

Now take the fractional sum for both sides it becomes

fb) —af(a)

70) —ag@ Ve TIVE© > (T CIVEL N,

And from (12) we have

f(b) —af(a)

() —ag@ P ~ @ > [ =af(a)

17



By t=Db substitution

fb) —af(a) > f(b) — af (a)

which is in contradiction, and we can show that (15) can also result in contradiction.

The proof is complete.

18



PART 3

CONCLUSION

This thesis presents some new alpha-monotonicity analysis results for discrete
Caputo-Fabrizio fractional differences in the sense of Riemann-Liouville and Caputo
operators. The monotonicity of the function (increasing or decreasing) has been
obtained from the positivity or negativity of the discrete Caputo-Fabrizio fractional
operator. As a result, we provide the connection between the Riemann-Liouville and
Caputo senses of the operators so that we may get the relevant conclusions using
Caputo operators. In addition, a discrete mean value theorem is given to show the

established results.

19
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